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Abstract

An encompassing aeroelastic model developed toward investigating the influence of directionality property of
advanced composite materials and non-classical effects such as transverse shear and warping restraint on the aeroelastic
instability of composite aircraft wings is presented. Within the model developed herein, both divergence and flutter
instabilities are simultaneously addressed. The aircraft wing is modelled as an anisotropic composite thin-walled beam
featuring circumferentially asymmetric stiffness lay-up that generates, for the problem at hand, elastic coupling among
plunging, pitching and transverse shear motions. The unsteady incompressible aerodynamics used here is based on the
concept of indicial functions. Issues related to aeroelastic instability are discussed, the influence of warping restraint and
transverse shear on the critical speed are evaluated, and pertinent conclusions are outlined.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

With the stringent demands of increased performance and larger structural flexibility featured by the new generation
of aerovehicles, issues involving aeroelastic behavior are among the most crucial factors toward their reliable design
(Weisshaar, 1980). Due to their high structural efficiency and vast potential advantages, thin-walled structures made of
anisotropic composite materials are likely to be widely used in advanced aircraft design. This was evidenced by the
successful design of Gruman X-29 swept-forward wing experimental aircraft and the interest in high-altitude-long-
endurance (HALE) uninhabited aerial vehicles (UAVs) (Patil and Hodges, 2000). However, in contrast to metallic
structures, the composite ones exhibit significant non-classical effects such as transverse shear, warping restraint and
shear stiffness variation (see, e.g., Librescu and Song, 1992; Jung et al., 1999; Song, 1990; Rehfield et al., 1990; Smith
and Chopra, 1991; Librescu and Song, 1991; Song and Librescu, 1993; Na, 1997; Kim and White, 1997). Toward a
reliable aeroelastic design of flight vehicles, these effects need to be assessed even in the pre-design process. In fact,
within the context of solid beam or plate-beam models, the implications of transverse shear and warping restraint
effects on the static divergence and flutter have been evaluated by Gern and Librescu (1998, 2000), Karpouzion and
Librescu (1996), Librescu and Khdeir (1988), Librescu et al. (1996), Librescu and Simovich (1988) and Librescu and
Thangjitham (1991); within the context of thin-walled beam models, Librescu and Song (1992), Song (1990), Librescu
and Song (1991), Song and Librescu (1993) and Librescu et al. (1996) have investigated these effects on static divergence
and free vibration; whereas within the context of a refined plate-beam model, Hwu and Tsai (2002) have investigated
these effects on static divergence. As revealed in these works, non-classical effects play a complex role, and in some cases
yield lower aeroelastic stability boundaries as compared with the predictions based on the classical structural model that
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Nomenclature
ai 1-D stiffness coefficients
a(s) geometric quantity, related to the secondary warping (see Fig. 2)

AR wing aspect ratio, L/b
2b,2d  width and depth of the beam cross-section, respectively

b inertia coefficient (see Appendix A)

Cro local lift curve slope

F, primary warping function (see Eq. (3))

FW + TSfree warping model, transverse shear incorporated
Gy, effective membrane shear stiffness

huy,h  thickness of the kth layer and of the beam wall, respectively

V)

J

K; reduced stiffness coefficients

L wing semi-span

Lge, T,e unsteady aerodynamic loads

m number of truncated modes used for the calculation
n number of aerodynamic lag terms used in the approximation of Wagner’s function
N number of polynomials used in the shape functions
U, streamwise free stream speed

U, chordwise free stream speed, U, cos A

Ver the most critical flight speed

Vi streamwise flutter speed

wo, ¢ deflection, rotation about the reference axis, respectively
Wo, q_';, 6, nondimensionalized counterpart of wy, ¢, 0, respectively
WR + TSwarping restraint model, transverse shear incorporated
WR +NTR warping restrain model, transverse shear discarded

XT transpose of the matrix or vector X

Xixcn X is a m X n matrix

y damping ratio

0, rotation of the cross-section about the x-axis
[£0,,/%0,,], symmetric stacking sequence

A geometric sweep angle (see Fig. 1)

Lo mass density of the free stream

T nondimensional time variable, U,?/b

o Wagner’s function

¥, ‘i’(/,, ¥, admissible shape functions vectors with dimension N X 1

Ohr reference frequency, v/as3 /(b1 LYy - -/

$es fOL integrals along the cross-section and the span, respectively

ffb airfoil integral
() (@()/o1,8()/&)
©) a()/or

(), ()" (@()/0y,3*() /oy
((:)///’ .(.)(IV)) (63()/6)/3, 64()/8)/4)
(), ()") (8C)/an, 3 C)/on?)

discards transverse shear effect. Consequently, a better understanding of these effects constitutes a vital requirement
toward a more reliable design of such types of structure. Since the aircraft design is primarily based on the principle of
thin-walled beams (see, e.g., Bruhn, 1973), it is desirable to investigate the aeroelastic instability directly within the
frame of thin-walled beam models. As far as the authors of this paper are aware, there are only a few papers in the open
literature where the concept of thin-walled beams was used to study the aeroelastic instabilities. Within this study, a
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refined thin-walled beam model primarily developed by Song (1990), Librescu and Song (1991), Song and Librescu
(1993), Na (1997) and Bhaskar and Librescu (1995) is adopted and, based on it, the non-classical effects such as
transverse shear and warping restraint on free vibration, divergence and flutter instabilities are investigated. As to the
research work accomplished during the last two decades on the modelling of composite thin-walled beams, see recent
review papers by Jung et al. (1999), Volovoi et al. (1999) and the references therein. In order to be reasonably self-
contained, the basic ingredients related to this refined thin-walled beam model will be presented in the next section.

2. Formulation of the governing system
2.1. Structural model

Toward the study of aeroelastic instability of advanced aircraft wings, the concept of single-cell, closed cross-section,
fiber-reinforced composite thin-walled beams is used. Due to their importance as revealed by Librescu and Song (1992),
Jung et al. (1999), Song (1990), Karpouzion and Librescu (1996), Gern and Librescu (1998), Librescu et al. (1996), Gern
and Librescu (2000), Librescu and Simovich (1988), Librescu and Khdeir (1988) and Librescu and Thangjitham (1991),
a number of non-classical effects have to be considered, which include transverse shear, warping restraint (see, e.g., Jung
et al., 1999; Song, 1990; Rehfield et al., 1990; Smith and Chopra, 1991; Kim and White, 1997), and 3-D strain effects
(see, e.g., Smith and Chopra, 1991; Kim and White, 1997; Bhaskar and Librescu, 1995). It is noted that in the earlier
formulation of the beam theory developed by Song (1990), Librescu and Song (1991), Song and Librescu (1993), the
variation of contour-wise shear stiffness was not included. Later on, the theory was extended to account for these effects
by Bhaskar and Librescu (1995). For the geometric configuration and the chosen coordinate system that is usually
adopted in the analysis of aircraft wings, see Figs. 1 and 2. Based on the basic assumptions adopted by Song (1990),
Librescu and Song (1991), Song and Librescu (1993) and Bhaskar and Librescu (1995), the following representation of
the 3-D displacement quantities is postulated:

u(x,y,z,8) = up(y, 1) + 29, 1), (1a)

v(x,y,z,t) = vo(y, t) + {x(s) - n%] 0.y, t) + |:Z(A‘) + ni—ﬂ 0,(y, ) — [F,(s) + na(s)19' (v, 1), (1b)

W(X, Y.z, t) = wO(yv l) - X¢(y, l)7 (IC)
where

Qx(ya l) = yyz(ys t) - Wé)(y’ t)s (23)

0:(.)}7 t) = ny(yv t) - ué)(yr t)s (2b)

a(s) = —<z%+xi—§). (2¢)

Free stream direction

L ocus of the aer odynamic center

y

Reference axis

Fig. 1. Geometry of an aircraft wing modelled as thin-walled beam.
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Fig. 2. Displacement field for the beam model.

In Egs. (1) and (2), 0.(y, 1), 0.(y,t) and ¢(y, ) denote rotations of the cross-section about the axes x,z and the twist
about the y-axis, respectively, y,.(y,#) and y,,(»,?) denote the transverse shear strains, while a(s) is related to the
secondary warping.

The primary warping function is expressed as

Fuls) = /0 () — (s)]ds, )
where the torsional function ¢(s) and the quantity r,(s) are given by
r,(3) ds dx dz
P(s) = 7 fe (_) ———, () =z——x—. @)
(5)Gyy(8) $[MF G (3)] " d5 ds ds

In Eq. (4), G, is the effective membrane shear stiffness, which is defined as
va :
7(5)79,(9)

It is noted that G, accounts for the nonuniform shear stiffness along the contour. For the thin-walled beam theory
considered herein, the six kinematic variables, i.e., uy(y, t), vo(y, 1), wo(y, 1), 0+(y, 1), 0.(y, 1), ¢(y, 1), that represent 1-D
displacement measures, constitute the basic unknowns of the problem. When the transverse shear effect is discarded,
Egs. (2a) and (2b) reduce to 0, = —wyj, and 0. = —u(. As a result, the basic unknown quantities are reduced to four.
Such a case corresponds to the unshearable, Bernoulli-Euler beam model.

The strains that contribute to the total potential energy are as follows:

Spanwise strain:

Gsy(s) = (5)

E,V}"(na 8, Y, t) = 82}:(‘?5 Vs t) + nE}l,},(s, ) t)> (63-)
where
&0, (5.3.0) = th (. 1) + 0L, DX, 1) — @' (0 DF,(9), (6b)
& (5,1 = 004 000,05 — a1, 0 (60)
) ds ds

2-D tangential shear strain:

(820 = 79,(5,, 0 + ()0’ (3, 1), (7a)
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where
0 dx dz
V(s p, ) = Togs T e gs —( +9) +(w0+9d (7b)
2-D transverse shear strain:

_ dz dx , dz , dx
yny(ssys t) - _/xy a + l)yz a - _(uO + 92)& + (WO + 9’() a (8)

In Egs. (6) and (7), 8”,, ydy are the normal and shear strain components on the mid-surface of the beam.
The stress resultants and stress couples can be reduced to the following expressions:

0

Nyy K Kip Kiz Kua | &y
Ny | _ | Kn Kn Kin Ky Voy %)
L, Ky Ky Kgz Ky o[
Ly, Ksi Ksy Ksy Ksal | g},
Ny = [Asa — Als/ Ass]y (9b)

in which the reduced stiffness coefficients K;; are defined by Qin and Librescu (2002).
2.2. Unsteady aerodynamic loads for arbitrary small motion in incompressible flow
Based on strip theory and 2-D incompressible unsteady aerodynamics, the unsteady aerodynamic lift and

aerodynamic twist moment about the reference axis (in the present paper, the mid-chord locus is adopted as the
reference axis) can be expressed as (see Fig. 3):

Ly, 1) = p, UnTo0, 1) — E/h“ oy ixdxtp, U, [ 2020 4 (10a)
ae\) s P YUnl o), p(ﬁdt 7[)))0 5V, = P \/—bz
b b 0
_ d 2 1 2 1 2 Vw(x7yst)
T = =, Us | nolsiivds+ 5. [ vo(x,y,z)(x 2b)dx+2pwunb [ 2O o)

where U, is the free-stream speed normal to the leading edge, y,(x,,?) is the quasi-steady distributed bound vortex
intensity (on the wing), y,,(x, y, ?) is the vortex intensity in the wake, and I'¢(y, ?) is the quasi-steady circulation. From
aerodynamic potential theory, y,(x,y,?) and y,.(x,y,¢) can be uniquely determined by the boundary (no-penetration)
condition and the Kutta condition (see, e.g., Katz and Plotkin, 1991, p. 428).

Expressed in the body-fixed frame (Bisplinghoff et al., 1996, Katz and Plotkin, 1991) (see Fig. 3), the vertical
displacement of the wing cross-section can be expressed as

2a(%, , 1) = wo(», 1) — (. )X, (1)

Contour line

Fig. 3. Geometry of the normal cross-section.
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where wy(y, f) denotes the plunging displacement and ¢(y, ) being the twist about the reference axis. For the analysis of
static divergence and flutter instability, it is enough to consider only the unsteady aecrodynamic loads which are related
to elastic deformation of the wing. They are:

U,t " dwg 7s.(¢ U,
Loy, ) = — 1tp . bhose(v, 1) — 27p . wb{wO,m(y,O)qu( ; )+ / —Odfo( °)¢>W{7<r7 m)] dzo}, (12a)
0

) = =508 (3 0+ 306 ) = 50, Ut Lm0 (G0 + [ 220 g [0 )] .

ditg
(12b)
where ¢, is the indicial function for incompressible flow (also referred to as Wagner’s function), defined by
d¢ W(T) { Ki(p) }
+ 0M)d(x . 12¢
07100 = £ | e (120)

In this equation, T = U,t/b is the non-dimensional time, #~! the inverse Laplace Transform operator; p the Laplace-
transform variable (i.e., the counterpart of t), d(tr) the Dirac delta function, while Ky(p) and K;(p) are the modified
Bessel functions of the second kind (see, e.g., Sears, 1940; Meirovitch, 1997). In Egs. (12b) and (12c), the terms in the
curly brackets are associated with the circulatory part of the aerodynamic loads (Bisplinghoff et al., 1996; von Karman
and Sears, 1938). The quantity K;(p)/(Ko(p) + K1(p)) = C(p) is identified as the generalized Theodorsen function in the
Laplace transformed space (Venkatesan and Friedmann, 1986).

In order to cast L., T, to state space form, the quasi-polynomial approximation of the lift deficiency function is used
(Bisplinghoff et al., 1996; Rodden and Stahl, 1969):

GRS [1.0 - CXp(—ﬁ,-r)} H(1), (13)
i=1

where H(t) denotes the step function.
By denoting

t s —
D(y, [) = / aw().75(‘()}, ZO) ¢W<Un(t 10)) dl(), (133.)
0 oty b
we get
D(y, 1) = worse(y, 1) = > %Bi(y, 1), (13b)
i1
where B;(y, t) satisfies
Uﬂ .
+ (1) 8= w0 (130

In the following development, we assume that the wing starts from rest.

Compared with the methods based on the transfer function realization, the above method can easily model as many
as necessary aerodynamic lag terms into the finite state space form. It is noted that this method yields the same number
of augmented states as those provided by the Roger’s approximation method (Karpel, 1982).

The preceding results are valid for 2-D cross-section wings. For finite-span wings, the modified strip theory (Yates,
1958) that extends the 2-D aerodynamics to the 3-D case is used. As a result, in Egs. (), (13a)—(13c), the following
changes are implemented:

_dc, AR I Crp |
2=l = = AR 2cos A" 2b_’b(2n 2)° (14

It is noted that only the circulatory terms in Eq. () will be modified (Yates, 1958; Rodden and Stahl, 1969). All the
geometric measures are now taken in the rotated chordwise coordinate system (see Fig. 1)

wo.sc(v, ) = wo — Uy + U, tan Aa1 0 qb + U, %tanA % -1, (15a)
oy oy n
ow, Vo
wo.sc(y, 1) = wo — Uy + U, tanAa (15b)

where U, = U, cosA.
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Based on these equations, the explicit expressions of unsteady aerodynamic lift and moment will be given in the
following sections.

2.3. The governing system

The governing equations and the consistent boundary conditions can be systematically derived by using the principle
of virtual work in dynamic case (Reddy, 1997, p. 144):

t o
/ (0T — U + 5W,)dt = 0, (16a)

4|
with
Sup = vy = Owg = 30y = 605 = 5y =0 at t=t; and 1, (16b)

where 67 and 0% denote the virtual kinetic and strain energy, respectively, while 0 W, denotes the virtual work due to
external forces. For the problem at hand, these terms are defined as follows.
Virtual kinetic energy:

ou ow ow ov ov
p +(—>5(—)+( )5( )} dndsdy; (17)
/ %c — /’lm ® [( ) (6t) o)\ ot o) \or
Virtual Strain energy:
o — / oo dt = / fc | [ayy0eyy + 0407, + Oupdy L, © dndsdy; (18)
k=1 k)

Virtual work due to unsteady aerodynamic loads:

L
oW, = /0 [Lae(y, Dowo(», 1) + Tae(y, )06(y, D] dy; (19)

where L, (positive upward) is the unsteady aerodynamic lift per unit span and 7, (positive nose-up) unsteady
aerodynamic twist moments about the reference axis (see Egs. (12a) and (12b)). It is recalled that for the analysis of
aeroelastic instabilities, only unsteady aerodynamics need be considered.

In order to study the aeroelastic instability, an aircraft wing featuring biconvex cross-section and experiencing the
bending—twist coupling is considered. To this end, the circumferentially asymmetric stiffness (CAS) lay-up (see, e.g.,
Rehfield et al., 1990) is adopted. As demonstrated by Librescu and Song (1991) and Song and Librescu (1993), this type
of beam features the following two sets of independent elastic couplings:

(1) transversal bending/twist/vertical transverse shear
(“}09 (7)7 93();

(ii) extension/lateral bending/lateral transverse shear
(u0, vo, 0:2).

Also, the unsteady aerodynamic loads and the inertia forces of the beams are completely split into the preceding two
groups, hence the total equations of motion and the boundary conditions are completely decoupled. The equations of
motion of the first group that are of interest for the present problem are:

owy : le + Ly — b1vg = 0; (203.)
¢ : M), — Bj, + Tue — (bs + bs) + (bro + big)§" = 0; (20b)
80y : M. — Q. — (bs + b1a)0, = 0. (20c)

The boundary conditions are as follows:
at y=0, wy=0, ¢=0 ¢ =0 0,=0;
at y=L, Q.=0, —B,+M,+(bi+bs)d =0, B,=0, M,=0. 1)
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In Egs. (20) and (21), My, Q-, B,,, M, are the 1-D stress resultant and stress couple measures that are defined as
dx dz dx
M, (y, 1) = Ny + Ly — 5 U1 = sy 3. ny 1. >
<0 ?{C<Z yy + ”ds)ds 0:(», 1) %C(N}ds_‘_N}ds)ds

B,(y,t) = — fc [Fu(s)N,y + a(s)Lyylds,  M,(y,t) = }{C Ny (s) ds. (22)

The inertia coefficients by, b4, bs, big, bia, bis, big are defined in Appendix A.
For bi-convex cross-section thin-walled beams with CAS lay-up, the force—displacement relations are:

M, as 0 0 ay 0.

Q- _| 0 ass ass O (wp + 0) 23)
B, 0 ass ag O ¢" ’

M, a7 0 0 an ¢’

For the free warping model (see, e.g., Librescu and Song, 1991; Song and Librescu, 1993; Na, 1997), the force—
displacement relations are

M, a3y 0 ay 0
0. 0 ass O L

= 0.) 7. 24
B, 0 a0 (wp ;‘/ ) (24)
My azy 0 ar

For the unshearable beam model (Librescu and Song, 1991; Song and Librescu, 1993; Na, 1997), the force—
displacement relations are

M, a; 0 ay "
0 0 ass o0 |] "0
L= > ¢ 3. (25)
Bw 0 ase 0 ¢,
M, ay; 0 arp

In terms of the basic unknowns, the governing equations that include the effects of warping restraint and transverse
shear are:

dwo = ass(wy + 0°) + ased” + Lae — brivg = 0; (26a)
0 : azy0 + az¢” — ass(wy + 07) — age ™™ + Tue — (ba + bs)p + (1o + b1s)P” = 0; (26b)
80, : a0 + ay¢” — ass(wy + 0,) — ase¢” — (ba + bia)0, = 0. (26c)

The associated boundary conditions are:

aty =0,
wo=0, ¢=0, ¢'=0, 0,=0; (27a)
aty =1,

dwo  ass(wy + 0y) + assg” =0,

3¢ : —ase(wy + 07) — agsd” + anl, + and’ = —(bio + big)¢',

(3:(/)/ . —a56(w6 + HV) — a66</>” = 0,

0y - a330; + a37q§/ =0. (27b)

In Egs. (26) and (27), the terms underscored by double solid lines are associated with the warping inhibition effect,
whereas the term underscored by a single solid line identifies the rotatory inertia effect (see, e.g., Song, 1990; Librescu
and Song, 1991; Song and Librescu, 1993).
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For the unshearable beam model, the pertinent governing equations are:

av

dwo : —az3w, )+ a31¢" + Ly — byivg + (bs + bayvg = 0; (28a)

8¢« —azwy + and” — aged") + Tue — (ba + bs) + (bro + bis)d” = 0; (28b)
and the boundary conditions:
aty =0,

wo=0, wy=0, ¢=0, i =0, (29a)
aty =1,

owp : (l33W6// — a37¢” — (bg + b14))'{/6 =0,

Wy : —aywy + azg’ =0,

3¢ : aged” + axywy — az ¢’ — (bio + big)d’ =0,

(3(/)/ . [lé(,(/)” =0. (29b)

It is noted that equations similar to Egs. (28a) and (28b) obtained for solid beams have been used for static
aeroelastic response (Librescu and Simovich, 1988; Librescu and Thangjitham, 1991).
The unsteady aerodynamic lift and twist moment are expressed as

n
worse(y, 1) = Y B
i1

Otan A — Uq.’))

Lae(ya [) = - ﬂpoobz‘ifo.Sc(y, l) - CLd)poo U.b

Pw
- TEpOObZ <WO + Un a ot

- CL¢pooUb

o b(Crg .
wo—U(/)—i—UEt A—E(T— )(¢+U—tdnA) Zcx, ] (30a)

1
Taecy,r):—np,ﬁ( Und + ¢ b¢) 5 Cropo, Unb?

LR IEDY OliBz]

i=1

2
—np b E(%f 1) (Uncﬁ + U? 8¢ tanA) +éb<d§+ U, g—atanAﬂ

w07U¢+U,18(,;;° nAJz’(% )(¢+U—tanA) Zal,

1
— 3 Crip Unb? (30b)

In Egs. (30a) and (30b), B; satisfies Eq. (13b).

3. Solution methodology and validation

Due to the nonconservative nature of the eigenvalue problem and the complexities arising from the anisotropy of the
constituent materials and the boundary conditions, nondimensionalization and spatial semi-discretization techniques
are adopted and the governing equations are cast into state-space form. The spatial semi-discretization is based on the
extended Galerkin’s method (EGM) (see, e.g., Librescu and Na, 1998; Palazotto and Linnemann, 1991). The conversion
of the governing equations into state-space form is prompted by the fact that for a general nonconservative system, the
solution requires a state-space description (Meirovitch, 1997, pp. 206-210) and the classical modal analysis based on
complex eigensystem does not yield an efficient solution. It is also noted that the Laplace-transform method (LTM) can
only be efficiently applied to sufficiently low-order systems. For the problem being addressed here, LTM is not the most
appropriate.
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3.1. State-space form of the governing equations

Introducing the following nondimensional parameters:
n=y/L, tv=Usd/b, AR=L/b, Wo(n,t)=wy/2b,

¢, =, 71),  0u(n,7) = 001, 7),  d()/de = (b/Upd()/dy, (3D
and performing the following spatial semi-discretization:
TBOER HOTNONGHES HOMONENULES HOINE) (32)

where the shape functions ‘i’w(n), ‘i’¢ (n), and ‘i’x(n) are only required to fulfill the geometric boundary conditions (see
Appendix B for details), we get the state-space form of the preceding aeroelastic governing equations:

{ ﬁs } As BS { is }
s (= . (> (33)
X4 Xa

BIIAS A(l + BIIBS
or in a more compact form, as

X = AX. (34)

In Eq. (33), X, and X, are 2m x 1, nm x 1 vectors, which describe the motion of the wing and the unsteady aerodynamic
loads on the wing, respectively. The details of the matrices and vectors in Eq. (33) are listed in Appendix B.

3.2. Static and dynamic aeroelastic instabilities

Based on Eq. (34), as described in the following, the divergence and flutter problems are solved simultaneously.
Simultaneous solution of divergence and flutter is particularly convenient to aeroelastic analysis of swept composite
aircraft wings. In order to address the static divergence of restrained wings, the unsteady aecrodynamic terms related to
the time derivatives will be discarded. Based on Eq. (34), the static aeroelastic governing equations reduce to

_ 1
(MK+4fquza (35
8uy

Static divergence corresponds to the minimum flight speed that causes Eq. (35) to have nontrivial solutions.
Flutter corresponds to an eigenvalue problem. Assuming the solution in the form X = Xe’", we get

(I— A)X =0, (36)

where 1 = Age + jAm. The flutter solution corresponds to the minimum flight speed that renders the system to transit
from stable (dynamic) motion to unstable (dynamic) motion. At such a critical state, g, = 0, the imaginary part A,
corresponds to the flutter frequency. It is interesting to note that if the eigenvalue solution of Eq. (36) has a root of
ARe > 0, Aim = 0, such an unstable root corresponds to divergence instability. Put another way, the eigenvalue solution
of Eq. (36) can capture both static divergence and flutter instabilities.

3.3. Validation of the aeroelastic system model

The thin-walled beam model adopted herein has been validated by Qin and Librescu (2001, 2002). As to validate the
accuracy of the aeroelastic model developed so far, several special cases are considered. The material and geometric
characteristics of the wing used in this paper are listed in Table 1. As a first step, Goland’s wing (Goland and Luke,
1948) is used to validate the accuracy of the flutter analysis. The results as compared in Table 2 reveal that the
correlation of the present predictions with the exact results is excellent. As a second step, comparison of the flutter
results by using the ¥’—g method and the transient method is conducted, and the results are listed in Table 3. It is noted
that the Theodorsen function used in the V—g method is approximated (see, e.g., Gern and Librescu, 1998; Lottati,
1985) by

C(k) = F(k) 4 jG(k)
~0.021573 + 0.210400k + 0.512607k2 + 0.500502k3
N 0.021508 + 0.251239k + 1.035378k> + k3
.0.001995 + 0.327214k + 0.122397k2 + 0.000146k3
a 0.089318 + 0.934530k + 2.481481k> + k3

(37
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Table 1
Material properties and geometric characteristics of a wing featured by CAS lay-up and biconvex cross-section
Value
Material
Ey 206.8 x 10 N/m?
Ey = Ex 5.17 x 10° N/m?
Gi3 = G 2.55 x 10° N/m?
G 3.10 x 10° N/m?
Hip = i3 = o3 0.25
p 1.528 x 10° kg/m?
Geometric
Width (26%) 0.259 m
Depth (2d%) 0.034 m
Number of layers 7
Layer thickness 0.00123 m
#The length is measured on the contour line.
Table 2
Comparison of the flutter results of Goland’s Wing
Method Flutter speed Error® Flutter frequency Error®
(km/hr) (%) (Hz) (%)
Exact (Goland and Luke, 1948) 494.1 — 11.25 —
Present (N = 9), Transient method 494.5 0.08 11.04 —-1.87
Present (N = 9), V—¢g method 493.2 —0.18 11.15 —0.89
Present (N = 7), V—¢g method 493.1 —0.20 11.15 —0.89
Housner and Stein (1974) 483.1 —2.23 11.27 0.18
Patil and Hodges (2000) 488.3 -1.17 11.17 —0.71
Gern and Librescu (1998) (N = 7) 493.6 —0.10 12.02 6.84

#Relative error, ([approximated] — [exact])/[exact].

Here, k is the reduced frequency, while Wagner’s function is approximated by Jones’ quasi-polynomial formulas
(Bisplinghoff et al., 1996; Rodden and Stahl, 1969). The differences of the flutter speed and flutter frequency as
predicted by these two methods are well within the approximations of the Theodorsen and Wagner’s functions.
However, it is interesting to note that the unstable eigenmode revealed by these two methods is quite different, as shown
in Figs. 4 and 5. In Fig. 4 (via the transient method), it is shown that for the given wing, the unstable eigenmode is
mode 1; while in Fig. 5 (via the V'—g method), it is shown that for the same wing, the unstable eigenmode is mode 2.

4. Numerical illustrations and discussion

The aeroelastic model developed so far can be used to investigate the aeroelastic behavior of anisotropic composite
aircraft wings. However, to conduct extensive parametric studies of such a type of aircraft wings is beyond the scope of
the present article. In this section, the influence of anisotropy, warping restraint and transverse shear on the most
critical speed (in the sense of the lowest critical speed between flutter and divergence) will be investigated. It is recalled
that the divergence and flutter instabilities are simultaneously considered by the transient method.

Fig. 6 displays the most critical flight speed of an aircraft wing when the control parameter 0 varies from 0° to 90°.
Due to the symmetry with respect to 6 = 90°, only the plot in the range of [0°,90°] is displayed. It is noted that: (i)
within the range 8° <0<37°, divergence becomes the most critical, while (ii) within the range 45° <0<75°, the flutter
becomes the most critical and the flutter speed is much higher than the reference speed. These two phenomena can be
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Table 3
Comparison of the flutter results by the transient method and V—¢g method
Method r = Vi /(bww) Qp = oF /onpe Vi(m/s) wr(rad/s)
Transient method 53.75 7.53 235.05 87.12
V—g method 53.74 7.57 235.00 87.58
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ol
-0.1
Y
-0.2 | 44— 15t mode branch \
G- =me- © 2nd mode branch Y
s=———= 3rd mode branch \
—0.3} §
4 — - -4 4th mode branch
6——=o 5th mode branch
0.4} ‘ . . ‘ . b
0 10 20 30 40 50
A=Uy/bWny

Fig. 4. Flutter analysis of a wing (AR = 16, [105¢], b = 0.3785 m, d = 0.05 m, A = 0°, 4 = 0.01 m) by the transient method.
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Fig. 5. Flutter analysis of a wing (4R = 16, [105¢], b = 0.3785 m, d = 0.05 m, A = 0°, 4 = 0.01 m) by the V'—g method.

explained on the basis of the concept of washin/washout and the stiffness characteristics as displayed in Fig. 7. When 6
is in the range 8° <0< 37°, the elastic coupling a3; will generate nonnegligible washin, which, as is well known, leads to
a low divergence speed. When 0 is in the range 45° <0<75°, the elastic coupling a37 generates a washout effect, which
suppresses the onset of divergence. The high flutter speed in this range of 6 can be explained by the high twist (a77) and

bending stiffness (a33). Similarly, the low flutter speed at 0 = 0° is due to low stiffness in twist and bending, while the
low flutter speed at 0 = 90° is entirely due to the low twist stiffness.
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Fig. 6. Variation of the most critical flight speed of an aircraft wing versus the control parameter 0 (4R = 12, [20/0/ — 0/0];,
A =0°): A, flutter; B, divergence; Vier = Virlg— go-
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Fig. 7. Cross-sectional stiffness characteristics of an anisotropic composite aircraft wing ([20/0/ — 0/0],).

It is well-known that swept-forward wings feature washin effect (Shirk et al., 1986), as revealed by the expression of
static effective angle at the three-quarter chordwise location (measured from the leading edge):
Wo.75¢ owy (CL4, ) bog

= - =¢———tanA ——
Derr U, ¢ oy an A + 2y

¢

which is derived from Eq. (15a) by discarding the terms associated with time derivatives. Fig. 8 displays the combined
influence of the wing sweep and elastic coupling on the most critical aeroelastic instability of a swept-forward wing. It is
readily seen that in this case, the washin effect induced by the sweep angle A = —30° exceeds the washout effect induced
by the elastic coupling a3; when 45°<60<90°, and the divergence is the most critical one over the entire range
0°<0<90°. The maximum divergence speed occurring at § = 60° (about 3.5 times higher than the reference speed!) can
be explained by the fact that, on the one hand, the washout effect induced by a37 reaches its maximum and, on the other
hand, that the twist stiffness also reaches its maximum. It is also interesting to note that although the twist stiffness a7
and the elastic coupling stiffness a3; at 0 = 90° are equal to those at 0 = 0°, the most critical speed at 0 = 90° is about

tan A (38)
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Fig. 8. Combined influence of sweep angle and elastic coupling on divergence of a swept-forward wing (AR =12, [20/60/ —
0/0];, A= —=30°), Vet = Verlg—go-
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Fig. 9. Influence of warping restraint and transverse shear on flutter of an aircraft wing (A = 0°, [0/90,/0],), Vi is defined as Vi,
predicted by the FW + TS model.

2.7 times its counterpart at = 0°. This, again, can be explained by the washout effect as revealed by Eq. (38): from Fig.
7, the bending stiffness a33 at @ = 90° is much larger than that at 6 = 0°, therefore, the washout generated in the case of
0 = 90° will be much less than its counterpart in the case of 6 = 0°.

Figs. 9 and 10 display the influence of warping restraint and transverse shear on the aeroelastic instabilities. In Fig. 9,
flutter is the most critical, while in Fig. 10, divergence is the most critical. In both figures, the significant influence of
warping restraint on the flutter and divergence speed is revealed, that is: 20% increase of flutter speed when AR = 6 (see
Fig. 9), and 12% increase of divergence speed when AR = 6 (see Fig. 10). Even for large aspect ratio wings, e.g.,
AR = 14, there is still about 5% increase of the most critical speed compared with the prediction by the free warping
model. In contrast to such a significant influence of warping restraint on divergence and flutter, the transverse shear has
a marginal influence on the most critical speeds in these two cases (about 3% or less difference from the prediction by
discarding the transverse shear). However, it is quite remarkable to note that in Fig. 9 the discard of transverse shear
yields lower flutter speed than otherwise, while in Fig. 10 discarding the transverse shear predicts, inadvertently, higher
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Fig. 10. Influence of warping restraint and transverse shear on divergence of an aircraft wing (A = 0°, [757]), Vier is defined as Vi,
predicted by the FW + TS model.

15 f .
Az ——
Ag; o
a77 ——A--
10 + ag, ae_
Qg X400 __ o--.

a5 /300 ___a___

(x 10%)

Ply angle 6 (deg)

Fig. 11. Cross-sectional stiffness characteristics of an anisotropic composite aircraft wings ([67]).

divergence speed. For the former case, it is safe to discard the transverse shear from the point of view of design, while in
the latter case, the discard of the transverse shear yields an inadvertent overestimation of the divergence instability. It is
scrutinized that this higher predicted divergence speed in Fig. 10 (although the amplitude of the difference is marginal)
can be explained by the characteristic of elastic coupling @37, which is displayed in Fig. 11: at 0 = 75°, a37 generates
washin effect (i.e., increase of wy will induce nose-up twist ¢, see Eq. (28)), therefore, discarding the transverse shear in
such a case tends to nullify the washin effect, hence leading to higher divergence speed.

5. Conclusions
An encompassing aeroelastic model of anisotropic composite wings in the form of a thin-walled beam has been

developed and validated. Due to the large number of involved parameters, extensive parametric studies are beyond the
scope of the present article. Instead, only a few cases related to the influence of anisotropy, warping restraint and
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transverse shear on the most critical speed have been actually investigated. The major conclusions from these studied
cases are as follows.

(i) the directionality property of anisotropic composite materials plays a complex role on the aeroelastic instability;
however, as revealed by the cases studied, this complex role can be explained by well established aeroelastic
concepts such as washin, washout, twist/bending stiffness and coupling among them.

(if) the warping restraint effect has a significant influence on both the flutter and divergence speeds when the aspect
ratio is moderate (6 < AR<10). This effect should be considered in the design process.

(ii1) in the cases studied in the present article, it appears that transverse shear deformation has a marginal influence on
the aeroelastic instability. However, the results show that the discard of transverse shear does not always yield
conservative predictions.

Appendix A. Expression of 1-D stiffness and the inertia coefficients

The global stiffness quantities a;(= a;;) and inertia terms b; related to the problem are defined as

d dx\? d
azy = % 22K11 + 2Z—XK14 + _X K44 dS, azy; = % ZK|3 + —xK43 dS,
c ds ds c ds

dz\? dx\ 2 -
ass —?{C <$) K> + (a) Aga

ags = f[F;%Kll + 2F,a()Kis + a(s)’ Kusds, ap = j{ 9 (s)K23 ds,
c c

ds, as = *% {F»«%Kzl + a(s)%KM} ds,
C s ds

where Kj; are the reduced stiffness coefficients and As = Au — A3/ Ass.
The inertia coefficients in Eq. (20) are defined as

2
by = j{ mods, (ba,bs) = 7{(22,)(2)11’10 ds, b :?{ my (%> ds,
: ; c ds

d 2
bis = ]{ my (dj) ds (b0, b13) = %(MOF‘%(S),mzaz(S)) ds,
c S C

in which

my

h+
(k)
(mo,my) = / puo(1,n?) dn.

k=1 (k)

Appendix B. Definition of matrices in Eq. (33)

The definitions are simply listed, as follows.

A B 0 I
[A]l= ’ : > [As]Zm x2m = _’”i( ;"_ —mj ’1”_ >
BaAs Aa + Ban _Mn Kn _Mn Cn
Om xnm
(By] =11 5 ;
samxnm _M;l[(xllmxm"'anlmxm]anm

8o

_ﬁllmxm Imxm
[Aﬂ]nmxnm = E . > [Bd]nn1><2m = [Dl D2]m><2m5

- B n Im xXm Im xXm

nmxm
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In the above expressions, ‘i’w(n), \i‘(p(l’]), and ‘i’x(n) are shape function vectors (with dimension N x 1) which are
required to only fulfill the geometric boundary conditions. For the model incorporating both the warping restraint and
transverse shear (i.e., WR + TS model), ¥,,(7) = [, 7, ....0"1% Wo(n) = [1%, s oon™ T W) = [0, % ..og™]"
are adopted in the article. ©,,, @4, O, are N x m eigenvectors and @ = [@I @; @I]T.
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Appendix C. Nondimensional parameters

The nondimensional parameters used in the text and Appendix B are defined as

,L 4y = as;3 [y = de6 o? = as3
np., (2b)" ' a2 an (26 " bILY
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